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Abstract- An open problem in source coding theory has
beenwhether the Karhunen-Loève transform (KLT) is opti-
mal for a systemthat orthogonally transforms a vector source,
scalarquantizesthe componentsof the transformed vector us-
ing optimal bit allocation, and then inversetransforms the vec-
tor. Huang and Schultheissproved in 1963that for a Gaussian
source the KLT is mean squared optimal in the limit of high
quantizer resolution.It is often assumedand statedin the liter -
aturethat the KLT is alsooptimal in generalfor non-Gaussian
sources. We disprove such assertionsby demonstrating that
the KLT is not optimal for certain nearly bimodal Gaussian
and uniform sources. In addition, we show the unusual re-
sult that for vector sourceswith independent identically dis-
trib uted Laplacian components,the distortion resulting fr om
scalar quantizing the componentscan be reducedby includ-
ing anorthogonal transform that addsinter-componentdepen-
dency.

I. INTRODUCTION

The Karhunen-Lòeve transform(KLT) playsa funda-
mentalrole in a variety of disciplines,including statistical
patternmatching,filtering, estimationtheory, and source
coding. In many of theseapplications,the KLT is known
to be “optimal” in varioussenses.In certainapplications,
however, thereis widespreadbelief thattheKLT is optimal
for generalconditionseventhoughproofsonly exist under
very restrictive assumptions.We demonstrateherethat, in
fact,someof thisaccepted“folklore” of theKLT optimality
is wrong. We specificallyfocuson the role of the KLT in
sourcecoding.

Themainapplicationof theKLT in sourcecodingis in
scalarquantizedtransformcoding. In sucha system,anin-
put vectoris linearly transformedinto anothervectorof the
samedimension,whosecomponentsarescalarquantized.
The resultingvector is then linearly transformedto get an
estimateof theoriginal input vector. Thegoal is to find the
pair of linear transformsand the allocationof a fixed bit
budgetamongthe variousscalarquantizersthat minimize
the end-to-endmeansquarederror. This systemis in gen-
eralsuboptimalto vectorquantizationbut hasservedasan
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importanttheoreticalmodelin orderto gainunderstanding
of optimalquantization.Its scalarquantizersareeasyto im-
plementbut thetransformis signaldependentwhich canbe
expensive in practice. It wasshown in [5] that if the vec-
tor sourceis Gaussianandthebit budgetis asymptotically
large, then the Karhunen-Lòeve transformand its inverse
areanoptimalpairof transforms.TheKLT decorrelatesthe
input vectorcomponents,thusmakingthemindependentin
theGaussiancase.Theproof in [5] relieson thesourcebe-
ing Gaussianandnosubsequentextensionsto non-Gaussian
sourceshavebeenpublishedin thenearlyfour decadesthat
followed.Recently, Goyal, Zhuang,andVetterli (Proof1 of
Theorem6 in [3, p. 1628])andTelatar(Proof2 of Theorem
6 in [3, p. 1629]) improvedtheresultby showing theKLT
is optimalfor Gaussianinputswithoutmakingany highres-
olutionassumptions.1

Despitethelack of rigorousgeneralizationsof theKLT
optimality for transformcoding,many peopletodayassert
that the KLT is optimal in a moregeneralsense,if not in
completegeneralityfor all possiblesources. In fact, nu-
meroustextbooksandotherscholarlypublicationsroutinely
quotethe KLT asbeingoptimal with respectto the trans-
form coding / bit allocationproblem,despitethe lack of
proof.

In thepresentpaper, we demonstratea classof sources
for which theKLT is not optimal in the transformcoding/
bit allocationsense.In fact we show that the KLT makes
thingssubstantiallyworsefor this classof sources.To the
bestof ourknowledge,nosuchassertionhaspreviouslyap-
pearedin the literaturefor fixed-ratetransformcoders. 2

1A secondapplicationof theKLT in transformcodinghasbeencalled
truncationcodingor zonalsampling[6] in whichacertainfixednumberof
thecomponentsof thetransformedsourcevectorarequantizedusingzero
bits, andthe remainingcomponentsarequantizedwith infinite accuracy.
This is a special(suboptimal)caseof the bit allocationtransformcoding
systempreviously described.In this caseit hasbeenshown that theKLT
minimizesthemeansquarederrorover all possiblechoicesof orthogonal
transforms. Someauthorsconfusethis form of optimality (which holds
for all stationarysources)with optimality in the bit allocationversionof
transformcodingdescribedpreviously.

2In generaltheremaybemultiple KLTs for a given source.Fengand
Effros [1] have recentlyshown for variableratetransformcodingsystems



In light of this result, onemight conjecturethat a weaker
theoremholds,namelythat if the KLT producesindepen-
dentvectorcomponentsthenit is optimal. Sucha conjec-
turewoulddirectlygeneralizetheHuang-Schultheissresult,
sincetheKLT producesindependentcomponentsfor vector
Gaussiansources.However, wealsodemonstratethesome-
what surprisingfact that sucha conjectureis false,by ex-
hibiting a source(i.e. the Laplacian)for which quantizing
independentcomponentsis not optimal.

II. MAIN RESULTS

Let
�

be a � -dimensionalzero meanrandomvector
(i.e. the source) with real components

�������������	��

, and

correlationmatrix �������� ������� . Let � be a �����
orthogonalmatrix (i.e. the transform) with real elements
and let ����� � be a transformedrandomvector with
components� ����������� � 
 . A scalar quantizerwith resolu-
tion � bits is a mapping  "!$#&%�# whoserange(called
a codebook) hascardinality ')( . Let  � ���������  
 be scalar
quantizerswith correspondingresolutions� � ��������� � 
 . For
any � -dimensionalvector *+�-,.* � ��������� * 
)/ � , let  �,.* / �,� � ,.* ��/ ���������  
 ,.* 
)/	/ � beavectorof scalarquantizedcom-
ponentsof * . We restrictattentionto orthogonaltransforms
sinceit sufficestodemonstratethenonoptimalityof theKLT
over this restrictedclass.

Themeansquarederror atresolution� of this transform
codedscalarquantizationsystemis:021 ,.� / � 354768:9 ;=<>7?A@ ( >.B 
 ( ���DC �FE � �  �,.� � / CHG �I�
The minimizationabove is taken over all scalarquantizers �:�����  
 andall bit allocations ,.� �J�������H� � 
 / whoseaver-
ageresolutionis � . When � is the identity matrix K we
omit thesubscriptandsimplywrite

0 ,.� / , which is themean
squarederrorcorrespondingto theclassicalscalarbit allo-
cationproblem.Theoptimalityof a transformis considered
in anasymptoticsense(e.g. [2]). Thecodinggain obtained
by usingtransform� insteadof transformL is definedasMN1PO Q �SR74T3(VUXW 0 Q ,Y� /VZ 0 1 ,Y� / �
An orthogonaltransform� is saidto beoptimalwith respect
to thesource

�
if
M 1PO Q+[]\

for all orthogonaltransformsL . All of the resultsto follow refer to optimality in this
fixed-ratetransformcodingsense.

TheKarhunen-Lòevetransformis the linearmapgiven
by a �^�_� orthogonalmatrix ` � suchthat ` � ��a` is
a diagonalmatrix. The matrix ` decorrelatesthe random
vector

�
since�cbed � �����T,�` � � / ,f` � � / � � ��` � ��g` �

that a badKLT for a given sourcecanbe arbitrarily worsethan the best
KLT for thesource.

Lemma 1 (HuangandSchultheiss,1963in [5]):
If a sourceis GaussianthentheKarhunen-Lòevetransform

is optimal.

It hasbeenconjecturedthat Lemma1 holds for non-
Gaussiansourcesas well. Our main result is Theorem1
below which shows thatthis conjectureis false.

Theorem1 There exist sources for which the Karhunen-
Loèvetransformis notoptimal.

Theorem2 There exist sources for which the Karhunen-
Loèvetransformproducesindependentcomponentsandyet
is notoptimal.

It is clearthatTheorem1 follows from Theorem2 but
we include both theoremsfor the following reason. The
proofof Theorem1 demonstratesthattransformingadecor-
relatedsourcewith dependentcomponentsto a correlated
sourcecanimprove the overall performance.Theproof of
Theorem2 demonstratesthat transforminga sourcewith
independentcomponentsto a decorrelatedsourcewith de-
pendentcomponentscanimprove the overall performance.
Also, the codinggain achieved in the proof of Theorem1
rangesfrom about5.6 dB in onecaseandis about3.4 dB
in a secondcase,whereasthe codinggain achieved in the
proof of Theorem1 is only about1.3 dB. Thusboth theo-
remsareinteresting,eachin their own right. Thecorollary
below follows from Theorem2.

Corollary 1 For ani.i.d. Laplaciansource h �5ikj it isasymp-
totically betterto scalar quantizesuccessivesumsanddif-
ferencesthanto scalarquantizethesourcedirectly. Thatis,
for all l ,
RT473(mUXW ' G ( n �Foqp  �, � iPr � iTst��/ur  �, � i Ev� iTst��/' Ew�xiYy G{z
r � oqp  x, �xi r �xiTst� / E  x, �xi|Ew�xiTst� /' Ew�xiTst� y G z~}

� RT4T3(mUXW ' G (c��� ')���T,u� 5, � iI/ Ev� if/ G �D�
where � and  are optimalrate � scalarquantizers for

� i
and

� iPr � i7s:�
, respectively.

The following lemmais a specializationto two dimen-
sionsof a high resolutionbit allocationresultof Huangand
Schultheiss[5] (seealso[2, pp. 228-232]).

Lemma 2 Let ����,I� �J� � G / be a two-dimensionalran-
domvectorwith marginal probability densityfunctions�J� @
and �J�A� , respectively. Let  � and  G bescalarquantizers
with resolutions� � and � G , respectively. Then,theminimum
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Fig. 1. StationaryMarkov process�|� .
meansquarederror of independentlyscalarquantizingthe
componentsof � isRT473(mUXW 0 ,Y� / � ')G ( � \��� C��J� @ C �¡ V¢ � C��J�A�)C �¡ V¢
where C��$C �	 	¢ � ��£ W¤ W � �¡ V¢ ,Y¥ / 0 ¥ � ¢ and

0 ,Y� / �354T68 @ O 8 � 9 ( @ s ( �{¦ G ( ���7,I� �$E  � ,I� � /	/ G � r �§�7,I� G E  G ,f� G /	/ G � .
III. PROOF OF THEOREM 1: NONOPTIMAL KLT

WITH CORRELATED TRANSFORM
COEFFICIENTS

Let ¨w� beani.i.d. realrandomsequencewith ��� ¨©� � �ª
, ��� ¨ G� � ��« G , andsymmetricprobabilitydensityfunction�)¬ . Let �� bethestationary2-stateMarkov processshown

in Figure1 with ®°¯ ª and ±²¯ ª .
That is, ��³�´® in one stateand �|�µ� E ® in the

other stateand the value of ± determinesthe tendency of
the processto remainin its currentstate.Furthermore,as-
sumethe processes̈ � and � � are independentof each
other. Let

� � �¶¨ � r � � be a scalarsourceanddefine
the ' -dimensionalrandomvector

� �µ, � � �	� � st�H/ � . Then��� �·� �¶, ª � ª / � andthe correlationmatrix is (independent
of ¸ )��¹����� ��� � � �»º « G r ® G ')±V® G'J±m® G « G r ® Gw¼ �

Thematrix � � isdiagonalizedas � � ��`°½c` � , where½¾�»º « G r ® G , \ E 'J± / ªª « G r ® G , \ r 'J± / ¼
is thediagonalmatrix of eigenvaluesof � � and`�� \¿ ' º \À\E \À\ ¼ (1)

is anorthogonalmatrix whosecolumnsarethecorrespond-
ing eigenvectorsof � � . The vector �Á��` �I� is the
Karhunen-Lòeve transformof the vector

�
, and ` � sim-

ply rotates
�

throughan angleof ÂAÃ)Ä counterclockwise.
We will show thatoptimally scalarquantizing(in the high
resolutionlimit) the componentsof the correletedrandom
vector

�
producesa smallermeansquarederror thanopti-

mally scalarquantizingthecomponentsof thedecorrelated
vector � . (Notethat � hasdependentcomponents).

Sincethe Markov process�|� is stationary, we assume
without lossof generalitythat

� �³, �§���	� G / � . Noticethat
by symmetrythe scalarcomponentsof

�
are identically

distributedwith probabilitydensityfunction:� � @ ,Y¥ / �¹� � �),Y¥ / � \' � ¬ ,Y¥ r ® /ur \' � ¬ ,Y¥ E ® / � (2)

Suppose� ¬ ,Y¥ / � ª for all ¥_ÅÆ � E ® Z ' � ® Z ' � . Thenfor all¥ , either � ¬ ,Y¥ r ® / � ª or � ¬ ,Y¥ E ® / � ª , andthus

C���� @ C �	 V¢ �ÈÇÉ W¤ W º \' �)¬v,.¥ r ® /ur \' �)¬v,.¥ E ® / ¼
�	 	¢ 0 ¥�Ê ¢

� \' pPÉ W¤ WÌË � �	 	¢¬ ,.¥ r ® /tr � �	 V¢¬ ,.¥ E ® /IÍ 0 ¥ y ¢ (3)��Â � C�� ¬ C �¡ V¢ �
Let Î°� �Ï E&ÐG and Ñ¹� �Ï r ÐG . The joint densityof

(
�§���¡� G ) is:��� @ O �Ò�J,Y¥ �	Ó / �ÑÔ,��)¬v,Y¥ r ® / �2¬v, Ó r ® /tr �)¬^,.¥ E ® / �)¬Õ, ÓeE ® /¡/r Î,��)¬v,Y¥ r ® / �2¬Õ, ÓeE ® /ur �2¬v,.¥ E ® / �)¬v, Ó r ® /¡/ �

Since � � � �Ö G , � � Ev� G / , � G � �Ö G , � ��r � G / , andsince�)¬ is symmetric,themarginaldensitiesof � are:�J× @ ,.¥ / � ¿ ' � Ë Î,��)¬ÙØc�)¬ / � ¥ ¿ ' r ')® �r Î,��2¬³Øc�2¬ / � ¥ ¿ ' E 'J® � r '�ÑÔ,��)¬]Øc�)¬ / � ¥ ¿ ' � Í�J×Ú�2,.¥ / � ¿ ' � Ë Ñ�,f�)¬]Øc�)¬ / � ¥ ¿ ' r 'J® �r ÑÔ,�� ¬ Øc� ¬ / � ¥ ¿ ' E ')® � r 'JÎ,�� ¬ Øc� ¬ / � ¥ ¿ ' � Í
wheretheconvolutionof �)¬ with itself is,f�)¬]Øc�)¬ / ,Y¥ / �¹É W¤ W �)¬^,.Û / �2¬v,.¥ E Û / 0 Û �
Fromthemarginaldensitieswe obtainC��J× @ C �	 V¢ � \' ,�' �	 V¢ Ñ �	 V¢ r 'JÎ �¡ V¢ / ¢ � C��)¬³Øc�)¬ÕC �	 V¢C�� × �)C �	 V¢ � \' ,�' �	 V¢ Î �¡ V¢ r '�Ñ �¡ V¢ / ¢ � C�� ¬ Øc� ¬ C �	 V¢ �

By Lemma2, the coding gain obtainedby quantizing
thecorrelatedscalarcomponentsinsteadof theuncorrelated
componentsis:MNÜ O b=d �ÝRT473(mUXW 0 b d�,.� /0 ,.� / ��Þ C��J× @ C �	 V¢ � C��J×Ú�)C �	 V¢Þ C���� @ C �	 V¢ � C����Ò�)C �	 V¢ �C��2¬µØc�)¬ÕC �¡ V¢ß C��)¬ÕC �¡ V¢ � Ë ,f' �	 V¢ Ñ �	 V¢ r ')Î �	 V¢ / ,�' �¡ V¢ Î �	 	¢ r 'JÑ �¡ V¢ / Í

¢m  G �



A. Specialcase: ¨ is uniform

If therandomvariable ¨ is uniformon � E²à��VàN� thenC�� ¬ Øc� ¬ C �¡ V¢ � Â à G
andthereforefor all ± Æ , ª � \ Z ' � ,MNÜ O b d�� 'âá� Â � Ë ,f' �	 	¢ Ñ �	 	¢ r ')Î �	 V¢ / ,�' �	 V¢ Î �¡ V¢ r '�Ñ �¡ V¢ / Í

¢V  G �
In thelimit as ±Ô% ª

thecodinggainis about Ã � �)ã dB.
Figures2 and3 show the two-dimensionalprobability

densityfunctionsof
�

and � andalsotheequivalentvector
quantizercodebooks,inducedby optimally scalarquantiz-
ing the individual componentsof the randomvectors.The
equivalentvectorquantizercodebooksaretheCartesianprod-
uctsof the scalarquantizercodebooksfor the two compo-
nentsof thesourcevector. It canbeseenthat thequantizer
associatedwith the decorrelatedrandomvector � is very
inefficientandleadsto highermeansquarederror.

B. Specialcase: ¨ is Gaussian

Supposetherandomvariable ¨ is Gaussianwith�)¬v,.¥ / � \« ¿ 'Jä²å ¤�æ �  �ç GVè �	é
and « �N� ® . Themarginaldensitiesof

�
arestill givenby

(2). For smallvaluesof « , Equation(3) is anapproximation
which becomesaccurateas «�% ª

, givingRT473è Ugê C�� � @ C �	 V¢« G �&R74T3è Ugê C�� � �2C �	 	¢« G �¹'�Â ¿ ã � ä
andthemarginaldensitiesof � weregivenearlier. Also,,�� ¬ Øc� ¬ / ,.¥ / � \')« ¿ ä � å ¤ëæ �  �ç Ï è �VéC�� ¬ Øc� ¬ C �	 V¢ � \ ' ¿ ã � ä«|G �
Likewise, the expressionsfor C�� × @ C �	 V¢ and C�� × �2C �	 	¢ de-
rivedfor sourceswith boundedsupportbecomeaccuratefor
a Gaussianas «ì% ª

. Therefore,the limiting codinggainMNÜ O b=d obtainedby quantizingthecorrelatedscalarcompo-
nentsinsteadof theuncorrelatedcomponentsis:RT4T3è Ugê MNÜ O bed � \Â � Ë ,�' �¡ V¢ Ñ �¡ V¢ r 'JÎ �	 	¢ / ,f' �	 V¢ Î �¡ V¢ r '�Ñ �	 V¢ / Í

¢V  G �
Therefore

MNÜ O b=d ¯ \ whenever ± � ª � Â ß Ã for some«v¯ ª .
For ågí ª , thecodinggainobtainedby notdecorrelatingthe
source

�
is about

ã � ã)�
dB.

IV. PROOF OF THEOREM 2: QUANTIZING
INDEPENDENT TRANSFORM COEFFICIENTS

CAN BE SUBOPTIMAL

In thissectionwedemonstratethatit is notalwaysopti-
mal to quantizeindependentcomponents.Thatis, themean

squarederror can sometimesbe reducedby orthoginally
transformingavectorof independentrandomvariablesprior
to quantization.Theexamplewegiveis theLaplaciansource
in two dimensions,in whichcasetheKLT in notunique.We
show thata rotationby ÂâÃ Ä is anorthogonaltransformthat
yields dependentbut uncorrelatedcomponentsandresults
in a strictly smallermean-squarederror thansimply using
theidentity transform.Let�J� @ ,.¥ / �î���Ò�2,.¥ / � \« ¿ ' � å ¤Òï æâï Ö G   è
andlet thetransform̀ bethesameasin (1). ThenC���� @ C �¡ V¢ �µC����Ò�)C �¡ V¢ �îÃJÂ2«|G �
Thejoint densityof ,Y� �J� � G / is� × @ O × @ ,.¥ �¡Ó / � \')« G � å ¤ @ð ç ï ñ s æâï s ï ñÚ¤�æAï é
andthemarginaldensitiesare� × @ ,.¥ / �¹� × �J,.¥ / � \« G � å ¤ G ï æâï   è �Aò ¥ ò r « ' �=�
Therefore,C��J× @ C �¡ V¢ �óC��J×Ú�)C �¡ V¢ � ß \ å « G' ��ô ¢ ,YÂ Z ã � \ Z ã /
wherethe“incompleteGammafunction” is definedas(see
[4, pp. 317 (eq. 3.381.3)]): ô ,.¥ �¡Ó / � £ Wñ Û æ2¤ � å ¤ �k0 Û .Thereforethecodinggainobtainedby quantizing� instead
of theindependentcomponentsource

�
isMNÜ O b d� Âã å ��ô ¢ ,.Â Z ã � \ Z ã /

Usingtheidentity (see[4, p. 942(eq.8.356.2)])ô ,.¥ r \ �	Ó / �ì¥ ô ,.¥ �¡Ó /r Ó æ å ¤�ñ wehaveô ,.Â Z ã � \ Z ã / � \ã �Úô , \ Z ã � \ Z ã /ër , ã å / ¤ �¡ V¢ �
Usingtheidentity (see[4, p. 941(eq.8.354.2)])

ô ,.¥ �¡Ó / � ô ,.¥ / E Wõ� B ê ,
E \ / � Ó æ s �¸$öD,.¥ r ¸ /

wheretheusualGammafunctionis ô ,Y¥ / � £ Wê å ¤ � Û æ2¤ � 0 Ûwe haveô , \ Z ã / E ô , \ Z ã � \ Z ã /� ã ¤ �	 V¢ � º ã E \Â r \ÂA' E \Ã�Â ª r \ß Ââ'�Â E ����� ¼ í \ � ÷ '2' �
Also, usingtheidentity (see[4, pp. 937(eq.8.327)])ô ,.¥ / �ì¥ æ2¤ @� å ¤ëæ ¿ '�ä º \ r \\ '�¥ r \' ß2ß ¥ G E rgø ,.¥ ¤ ¢ / ¼



givesô , \ Z ã / � ã �¡ Vù å ¤ �¡ V¢ ¿ 'Jä � º \ r \Â r ÷' ß)ß E ����� ¼ í ' � Ã � á
andthusô ,YÂ Z ã � \ Z ã / í \ã � ,�' � Ã � á E \ � ÷ ')' /ër , ã å / ¤ �	 V¢ í ª � á \ ' �
Thegainis thenMNÜ O b d í Âã å � , ª � á \ ' / ¢ í \ � ã)ã dB

�
Thus,since

MNÜ O bed ¯ \ , thedistortionin quantizingthein-
dependentLaplacianrandomvariables

� �
and

� G is greater
thanthedistortionof quantizingthedependentrandomvari-
ables� � and � G .

V. CONCLUSION

A family of two-dimensionalsourceshasbeendemon-
stratedfor which the Karhunen-Lòeve transformis subop-
timal in a scalarquantizedtransformcodingsystem.This
settlesan openquestionin lossysourcecodingtheoryand
correctssomefrequentmisinterpretationof theclaimof the
KLT being“optimal”. Oneparticularvectorsourcein the
family usedin the proof was constructedby blocking to-
gethertwo successiveobservationsof anearlybimodalsym-
metricscalarsource,with memorycontaininga slight pref-
erenceto repeatthe samemodepreviously observed. The
scalarsourcechosenwasuniform but it wasalsoshown to
holdfor aGaussianprovidedits variancewassmallenough.úúúúûúúúú úúúúûúúúú úúúúûúúúú úúúúûúúúú úúúúûúúúú úúúúûúúúú úúúúûúúúú úúúúûúúúú
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Fig. 2. Two-dimensionalprobability densityfunction ��� of the
correlatedsource� with �	� -pointscalarquantizersin eachdimen-
sion.Thedensityis uniformon thefour squaredbut with different
heights,asindicated.Equivalent 
��� -point two-dimensionalvec-
tor quantizercodevectorsareshown.
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Fig. 3. Two-dimensionalprobability densityfunction ��� of the
uncorrelated(i.e. Karhunen-Lòeve transformed)source ������ � with �	� -point scalarquantizersin eachdimension. The
density ��� is the sameas that of �	� shown in Figure2 but ro-
tated����� counterclockwiseabouttheorigin. Equivalent 
���� -point
two-dimensionalvectorquantizercodevectorsareshown.
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