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Abstract — Two sufficient conditions are given for the exis-

tence of binary fix-fr ee codes. The results move closer to the
Ahlswede-Balkenhol-Khachatrian conjecture that Kraft sumsof
at most �	��
 sufficefor the existenceof fix-fr eecodes.

For eachnonnegative integer � let
������ ��� denotethe setof all

binarywordsof length � , andlet
������ ��� denotethesetof all finite

length binary words, including the empty word. A binary code is
any finite subsetof

������ ��� that doesnot containthe empty word.
The elementsof a codeare calledcodewords. For any two words� ������������ ��� , let � � denotetheconcatenationof � and

�
. Theword� is calleda prefix of � � and

�
is calleda suffix of � � . A prefix-

free code is a codesuchthat no codeword is a prefix of any other
codeword. A suffix-freecodeis a codesuchthat no codeword is a
suffix of any othercodeword. A fix-freecodeis a codethat is a both
a prefix-freecodeanda suffix-free code.For any word � �������� � � ,
let  �! �#" denotethe lengthof � in bits, andlet � denotethe bitwise
complementof � . If a set $ of numbersif empty, thenwe adoptthe
convention %'&�()!*$ ",+.-0/ .

In a fix-free code,any finite sequenceof codewords canbe de-
codedin both directions,which canimprove robustnessto channel
noise.

For any nonnegative mapping132�405 -	6 4 , theKraft sumof 1
is thequantity

$7!81 "9+;:<8=�>@? 1�!8A "CB@D
<�E

If a codehasexactly 1�!8A " codewordsof length A for each A � 4 5 ,
then we say the codeis an 1 -code. The elementsof the supportF�GIHJH !81 "�+ � A � 4 5 2K1�!8A "ML  � are called lengthsand each
quantity 1N!8A " is calledthemultiplicity of thelength A . Themapping1 is calledamultiplicity function.

Kraft [2] showedin 1949thatevery prefix-freecodemusthave a
Kraft sumof atmost

�
, andfor everymultiplicity functionwith Kraft

sumat most
�
, thereexists a correspondingprefix-freecode. The

sameresultholdsfor suffix-free codesaswell. Ahlswede,Balken-
hol, andKhachatrian[1] conjecturedin 1996thatananalogousresult
holdsfor fix-free codes,but with theKraft sumboundbeing O�P�Q in-
steadof

�
. Specifically, they conjecturedthat if $7!81 "SR OTP�Q , then

thereexistsafix-free 1 -code.
They proved the conjectureis true in the weaker casewhenthe

Kraft sumis at most
� P B . They alsoprovedtheconverseof thecon-

jecture,namelythatany Kraft sumboundguaranteeingtheexistence
of a fix-free codemust be at most OTP�Q . Thereare clearly fix-free
codeswhoseKraft sumis larger than OTP�Q (suchasthe setof all bi-
narywordsof agivenlength,whoseKraft sumis

�
), but thesedonot

violatetheconjecture.Instead,theconjecturegivestheKraft bound
asasufficientconditionto guaranteetheexistenceof afix-freecodes.

Ahlswede,Balkenhol,andKhachatrianprovedtheir conjecturein
the specialcasewhereevery two codewords either have the same
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lengthor haveonecodeword at leasttwiceaslongastheothercode-
word. Since their conjecturewas made,several researchershave
proven otherspecialcases,althoughthe generalconjecturestill re-
mainsanopenproblem.

Haradaand Kobayashi[3] showed that if U F�GIHJH !81 " U RVB and$7!81 "KR OTP�Q , thenthereexistsa fix-free 1 -code.Ye andYeung[4]
showed that if

�W� F�GJHJH !81 " and $7!81 "�RYX P�Z , then thereexists
a fix-free 1 -code. The also showed that if %'&�()! F�GJHIH !81 "�"�R\[
and $]!81 "^R OTP�Q , thenthereexistsa fix-free 1 -code.Yekhanin[5]
showed that if %'&�()! F�GIHJH !81 "�"�R Z and $]!81 "_R OTP�Q , thenthere
existsafix-free 1 -code.Yekhaninalsoshowedthatif

�S� F�GJHJH !81 "
and $]!81 "`R O�P�Q , thenthereexistsafix-free 1 -code.In addition,Ye
andYeunggavesomeothersufficientconditionsfor theconjectureto
hold,althoughnot in theform of Kraft sumbounds.

In this paper, we partly prove the conjectureby consideringtwo
specialcases(Theorems1 and2). In bothcases,weprovetheconjec-
tureholdsif an additionalconstraintis put on themultiplicity func-
tion. We demonstratethat the classesof multiplicity functionsfor
which our resultshold containsmany casesnot coveredby previous
known results.

Theorem1 Let 1 bea multiplicity functionsuch that

%'&�( � 1N!8A " 2�A0a+ %'&�()! F�GIHJH !81 "�" � RbB�ced f�gihkj�l�l�gim]non D	p E
If $]!81 "`R O�P�Q , thenthereexistsa fix-free 1 -code.

Theorem2 Let 1 bea multiplicity functionsuch that 1N!8A "qRrB for
all A0a+ %'&�()! F�GJHJH !81 "�" .
If $]!81 "`R O�P�Q , thenthereexistsa fix-free 1 -code.
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