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(Definitions]

e An alphabet is afinite set.

e A network is afinite d.a.g.with sourcemessagefom afixedalphabetind
messagelemandsat sink nodes.

e A network is degenerate if somesourcemessageannotreachsomesink
demandingt.




| Definitions - scalar coding]

Eachedgein anetwork carriesanalphabesymbol.

An edge function mapsin-edgesymbolsto anout-edgesymbol.

A decoding function mapsin-edgesymbolsata sinkto a message.

A solution for a givenalphabets anassignmendf edgefunctionsanddecoding
functionssuchthatall sink demandsresatisfied.

A network is solvable if it hasa solutionfor somealphabet.

A solutionis arouting solution if the outputof every edgefunctionequalsa
particularoneof its inputs.

A solutionis alinear solution if the outputof every edgefunctionis alinear
combinationof its inputs(typically, finite-field alphabet@areassumed).




[ Definitions - vector coding]

Eachedgein a network carriesa vectorof alphabesymbols.

An edge function mapsin-edgevectorsto anout-edgevector

A decoding function mapsin-edgevectorsat a sinkto amessage.

A network is vector solvableif it hasa solutionfor somealphabetandsomevector
dimension.

A solutionis avector routing solution if every edgefunction’s outputcomponents
arecopiedfrom (fixed) inputcomponents.

A vector linear solution hasedgefunctionswhich arelinearcombinationof
vectorscarriedon in-edgego a node,wherethe coeficientsarematrices.

A vectorrouting solutionis reducible if it hasatleastonecomponenbdf an edge
functionwhich, whenremoved, still yieldsa vectorrouting solution.




(Definitions - (k,n) fractional coding}

Messagesrevectorsof dimensionk.
Eachedgein a network carriesa vectorof at mostn alphabesymbols.

A (k,n) fractional linear solution hasedgefunctionswhich arelinear
combinationsf vectorscarriedon in-edgedo anode,wherethe coeficientsare

rectangulamatrices.

A (k,n) fractionalsolutionis afractional routing solution if every edgefunction’s
outputcomponentsrecopiedfrom (fixed) input components.

A (k,n) fractionalrouting solutionis minimal if it is notreducibleandif no
(k,n') fractionalrouting solutionexistsfor any n’ < n.




 Definitions - capacity)

e Theratiok/n in a(k,n) fractionalrouting solutionis calledan
achievable routing rate of the network.

e Therouting capacity of a network is the guantity

e = sup{ all achievableroutingrates.

e Notethatif anetwork hasaroutingsolution,thentherouting capacityof the
network is atleastl.




(Someprior work )

Somesolvablenetworks do not have routing solutions(AhCaLiYe 2000).

Every solvable multicastnetwork hasa scalarlinearsolutionover somesuficiently large
finite field alphabe(LiY eCa2003).

If anetwork hasa vectorrouting solution,thenit doesnot necessariihave ascalarinear
solution(MeEfHoKa2003).

For multicastnetworks, solhvability over a particularalphabetdoesnot imply scalarinear
solvability overthesamealphabe{RalLe,MeEfHoKa,Ri 2003,DoFrZe2004).

For non-multicashetworks, solvability doesnotimply vectorlinearsolvability
(DoFrZe2004).

For somenetworks, the sizeof thealphabeheededor a solutioncanbe significantly
reducedusingfractionalcoding(RalLe2004).




(Our resultg

Routingcapacitydefinition.

Routingcapacityof examplenetworks.

Routingcapacityis alwaysachievable.

Routingcapacityis alwaysrational.

Every positive rationalnumberis the routing capacityof somesolvablenetwork.

An algorithmfor determiningtherouting capacity




(Somefacts)

e Solvablenetworks mayor maynot have routing solutions.

e Everynon-dgenerateetwork hasa (k, n) fractionalrouting solutionfor somek
andn (e.g.take £ = 1 andn equalto the numberof messages the network).




(Example of routing capacity]

This network has a linear coding solution but no
routing solution.

Each of the 2k messagecomponents must be
carried on at leasttwo of the edgese; 2, €13, €45.

Hence2(2k) < 3n, andso|e < 3/4 |.

Now, we will exhibit a (3,4) fractional routing
solution...




[Example of routing capacity continued..J

Letk = 3 andn = 4.
Thisis afractionalrouting solution.
Thus,3/4 is anachievableroutingrate,so

Therefore therouting capacityis| e = 3/4 |




[Example of routing capacity]

Theonly wayto getx to ng iISny — ng — ng — ng.
Theonly wayto gety to ns iISny — nz — ng — ns.

es 4 Musthave enoughcapacityfor bothmessages.

Hence2k < n,sole < 1/2|




[Example of routing capacity continued...]

Letk =1 andn = 2.
Thisis afractionalrouting solution.
Thus,1/2 is anachievableroutingrate,so

Therefore theroutingcapacityis|e = 1/2 |




[ Example of routing capacity

This network is dueto R. Koetter

Eachsourcemustemit atleast2k componentandthe
total capacityof eachsources two out-edgess 2n.
Thus,2k < 2n, yielding|e <1 |




[Example of routing capacity continued...]

Letk = 2 andn = 2.
Thisis afractionalrouting solution
(asgivenin MeEfHoKa,2003).

Thus,2/2 is anachievableroutingrate,so

Thereforetheroutingcapacityis|e =1 |.




[ Example of routing capacity

x® L x™

x® o xm — m
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Eachnodein the 3rd layerrecevesa uniquesetof I edgedrom the 2ndlayer.

Every subsebf I nodesn layer2 mustreceve all mk messageomponentérom the
source.Thus,eachof themk messageomponentsnustappearatleastN — (I — 1)
timesonthe N out-edge®f the source.Sincethetotal numberof symbolsonthe N
sourceout-edgess Nn, we musthave mk(N — (I — 1)) < Nn or equivalently

k/n < N/(m(N—-1I1+1)).Hencele < N/(m(N —1+1))|




[Example of routing capacity continued..J

x® .o x™

Letk = N andn =m(N — I+ 1)
Thereis afractionalrouting solutionwith theseparameters
(theproofis somavhatinvolvedandwill beskippedhere).

Therefore,N/(m(N — I + 1)) is anachievableroutingrate,so
e>N/(m(N—-1+1))|

Therefore theroutingcapacityis| e = N/(m(N — I + 1)) |




x® o xm

Somespecialcasef the network:

e m=>5,N=12,1 =8 (AhRi 2004)
No binaryscalarlinearsolutionexist. It hasa non-linearbinary scalarsolutionusinga (5, 12, 5)
Nordstrom-Robinsoerror correctingcode.We computethattherouting capacityis | e = 12/25 |

e m=2 N=p, I =2(RaLe2003)
Thenetwork is solvable,if thealphabesizeis atleastequalto the squareroot of the numberof sinks.
We computethattherouting capacityis| e = p/(2(p — 1)) |

e m=2,N=1=3
lllustratesthatthe network’s routing capacitycanbe greaterthan1. We obtain




For eachmessagan, a directedsubgraphof G is an
m-tree if it has exactly one directed path from the
sourceemitting m to eachdestinationnode which
demandsm, and the subgraphis minimal with re-
spectto thisproperty(similarto directedSteinentrees).

LetT;,T5, ... beall suchm-treesof anetwork.
e.g.,this network hastwo x-treesandtwo y-trees:




Definethefollowing index sets:

{7 : T; isanm-tree}

= {¢:T; containsedgee}.

Denotethetotal numberof treesT; by ¢.

For a givennetwork, we call thefollowing 4 conditionsthe network inequalities:

Y di>1 (Vm € M)

(Ve € F)

wheredy, ..., d;, p arerealvariables.If asolution(dy, ..., d;, p) to thenetwork
Inequalitieshasall rationalcomponentsthenit is saidto bea rational solution.

(kd; representshe numberof messageomponentsarriedby 7;.)




Lemma: If anon-dgeneratenetwork hasa minimal fractionalrouting solutionwith
achievableroutingrater > 0, thenthe network inequalitieshave arationalsolution
with p = 1/r.

Lemma: If the network inequalitiescorrespondingo a non-dgeneratenetwork have a
rationalsolutionwith p > 0, thenthereexistsa fractionalrouting solutionwith
achievableroutingratel/p.

By formulatinga linear programmingproblem,we obtain:
Theorem: Therouting capacityof every non-dgeneratenetwork is achievable.
Theorem: Therouting capacityof every network is rational.
Theorem: Thereexistsanalgorithmfor determiningthe network routing capacity

Theorem: For eachrationalr > 0 thereexistsa solvablenetwork whoserouting
capacityis r.




(Network Coding Capacity]

Thecoding capacity is

sup {k/n € Q : 3(k, n) fractionalcodingsolution} .
routing capacity< linearcodingcapacity< codingcapacity

Routingcapacityis independenotf alphabesize.
Linear codingcapacityis notindependenof alphabesize.

Theorem: Thecodingcapacityof a network is independenbf the alphabetused.




TheEnd.
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