Concatenated Network Coding for Large-Scale
Multi-Hop Wireless Networks

Sang Wu Kim
Dept. of Electrical and Computer Engineering
lowa State University
Ames, lowa 50011
swkim@iastate.edu

Abstract-We present “concatenated” network coding techrarious cooperative diversity protocols have been examined
nigue that incorporates multi-level coding across a network fifr a single-source and single-destination scenario in [9]. Most
relays in large-scale, multi-hop, noisy wireless networks. 8f these works, however, are limited to small scale networks
key feature of the proposed approach is that more powerfuith one or two hops.
code can be constructed, hence more errors can be correcteffig. 1 shows a simple network illustrating the basic idea of
as the information travels through the network. The decompifte proposed network coding technique in multi-access relay
sition of large-scale network into several small-scale networkbannel. In a wireless network consisting &f sources,R
and concatenation of small-scale network codes along tleays, and one destination, suppose that eadh séurces has
route path simplifies both encoding (forwarding) and decodirity own independent messages, mo, ..., mx to be sent to the
processes. This is particularly important, because the nodkstinationV4. Examples of this scenario are uplink cellular
need to make block encoding based on local information onhetworks, sensor networks, or downloading high bandwidth
This framework is inherently self scalable, in that each neapplications (e.g. video) or bulk file from different servers.
node and each additional hop contribute reliability enhancBue to the broadcast nature of the wireless medium, assume
ment. We analyze the probability of decoding error and theach relay node can also receive signalg, ms, ..., mg,
normalized throughput as a function of network configuratigmossibly with some errors. Then, each relay node generates

and number of decoding iterations. a parity-check symbop;, i« = 1,2,..., R, based on what it
Index Terms- Concatenated network coding, cooperative relayreceives fromK sources and transmits it to the destination.
ing, iterative decoding, multi-user wireless networks. This simpifies the routing problem, because we do not have
to worry about which message (packet) to forward to the
. INTRODUCTION other node: we combinall received messages. Then, the

The concept of network coding has evolved recently as destination may construct a nois¥ (+ R, K) codeword of
interesting extension of the more traditional routing paradigmate r = K /(K + R) consisting of K message bits and&®
The basic idea of network coding is to allow coding capabilitgarity-check bits. The minimum distance of such codes can
at relaying (intermediate) nodes. Instead of simply forwardifge as large adi+1 (Singleton bound), providing a diversity
(repeating) the stored data, relay nodes may combine sevegah R+1 for K sources with the help oR relays.
input packets, encode them, and forward it to the next node. Itin this paper, we will extend this idea tawaulti-hopscenario
exploits the broadcast property offered by the wireless mediumlarge scale wireless networks and present a “concatenated”
that transmitted signals can be received and processed by aagwork coding technique. Concatenated coding, devised by
node in the neighborhood of a transmitter. The motivation orney [10], is an effective method for constructihang
that there are codes more powerful than repetition coding. Tlpiswerful codes from short component codes with reduced
allows a much larger degree of freedom in the way packetecoding complexity. The proposed concatenated network
are combined and forwarded. coding incorporates multi-level coding of multiple sources

The pioneering work in [1] has thereafter inspired consideacross a network of relays over multi-hops, where parity bits
able research efforts in computer networking and communicae generated at the relays based on the noisy codewords
tion communities. Though most of these studies have focusefd previous nodes and transmitted to the next nodes until
on wired networks with error-free transmission, there wetbe information reaches its final destination. k&y feature
some initial works investigating network coding in wirelessf the proposed approach is that more powerful code can
networks [2],[3]. Then, it was discussed how to gain cooperbe constructed, hence more errors can be corrected, as the
tive diversity through network coding in wireless networks tinformation travels through the network. The decomposition
combat channel fading in [4]-[7]. The concept of cooperativef large-scale network into several small-scale networks and
diversity [8] was initially applied (without network coding)concatenation of small-scale network codes along the route
for the relay channel. Then, the network coding gains @hath simplifies both encoding (forwarding) and decoding pro-



cesses. This is particularly important, because the nodes need/e will assume BPSK modulation at both sources and
to make block encoding based on local information only. Thiglays with symbol energieg, ; and E; .., respectively. The
framework is inherently self scalable, in that each new nodetal transmit energy, in sending onenformation bit from
and each additional hop contribute reliability enhancemeisburce to destination in a cluster is then given by

We will derive the probability of decoding error at the desti-

nation and the network throughput as a function of network By, = (KBEp.+RE,)/K
configuration and number of decoding iterations. = Eps+ (R/K)Ep,;. (1)
Il. SYSTEM DESCRIPTION Channels are divided in time or frequency, and thus have no
, i interference.
Fig. 2 illustrates the proposed concatenated network coding
technique in cooperative relay networks. We assume that nodes [1l. PERFORMANCEANALYSIS

are clustered such that there dkg source nodesR; relay We will analyze the performance of network coded co-
nodes, and one cluster head in each cluster (small Square), @ﬁgrative re|aying within a Sing|e cluster and then move
that there aré(, clusters communicating with nod€s (base on to concatenated network coded system. We will consider
station or another cluster head) througih relay nodes. It is hard decision decoding for simplicity of processing at the
assumed that nodes are clustered using some node clustegiégination or cluster head, which is essential in typical sensor
techniques, such as those described in [11],[12]. networks due to severe computing resource constraints.
Each cluster hea?va constructs a K + Ry, K1) “outer  Letp, ¢, andp, be the bit error probability for the source-
code”C; by combining all message bits and parity-check bitg-destination, source-to-relay, and relay-to-destination links,
generated by the relay nodes in its cluster. If the cluster heg@pectively, in a cluster. Let; andri; be the estimation of
decodes correctly, then it broadcasts its (outer) codewoft} to 1, at the relay and the destination, respectively. Alsop jete
relays and nodé/. If a decoding failure occurs at least at onghe parity bit generated at theth relay based o, }, andﬁj
cluster head, then corresponding vector will not be forwardeg its estimation at the destination. Then, the received vector
to Np and decoding failure is declared dii;xK> block at at the destinatioV 4 in Fig. 1 is(ﬁ@hﬁw, -.-,ﬁlx,ﬁl, ,.,,]A;R)_
node Np. Once all cluster heads decode correctly, then eachror BPSK modulation in Rayleigh flat fading channel, it is
of R, relays stores all noisy outer codewords sent frAm  known that [14]
cluster heads in &>x(K7 + R;) array. Then, each column of

the array is used to generate the parity-check bits for the “inner p = p(ﬁ% #m;) = 1 (1 — 1%1’) (2)
V1+5sp

code” C, at each relay node which are then transmitted to the 2
destinationNg. This allows the destinatioiV g to construct a ¢ = Plii#mg)= 1 1- YSR 3)
two-dimensional concatenated codexCs,, shown in Fig. 3. ! ) 1+ 9sr
Its minimum distance ig;d», whered; andds are minimum . 1 By

i i i = Plhi#p) =51\ 11e) @
distance of code”; and codeCs, respectively [13]. Since pr = pi 7 Pi) =5 1+ 9ap

dids < (R +1)(R2+ 1), the proposed approach can provide
a maximum diversity gain of R, + 1)(Rs + 1) for Kk, Where

sources withR; 4 R, relays. Since the minimum distance is Ysp = dgPEys/No (5)
increased fromd; at node N4 to d;d, at node Ng, more

. . 0 = donEy /N 6
errors can be corrected as the information travels through the 7SR f?; bs/No (6)
network. This concept can be extended to more than two-level Yrp = dgpEy./No (7)
concatenationC'1xCox ... XCn, as illustrated in Fig. 4. are average received signal-to-noise ratios, wherés the

In decoding the message at the destinafign each column path |oss exponent; = K/(K + R) is the code rate, and
vector of lengthK; + R, is first decoded based on the innefy. , ¢, and dpp are normalized distances of source-to-
code (s, capable of correcting, (< R»/2) errors. If a destination, source-to-relay, and relay-to-destination links, re-
decoding error occurs, which happens if there are more thgsectively. Throughout this paper we will assume thab =
t2 + 1 errors in a column vector, then the corresponding (normalized to one)dsg = o, anddgrp = 1 — a, where
column vector is erased. Here we assume that the probability- , < 1.

of undetected error is much smaller than that of decodingThe probability ofp. not being equal te;, p, is given by
failure [13]. After K3 + Ry column (inner code) decodings A !

are completed, the parity bits df; (R, rows) are removed, p = Pp; #pj)

leaving an array of size{ox(K; + R;). Then, each row = P, #pilp: = p:)P(p: = p;

of the array is decoded based on the outer c6feusing ®; #plp; PLEs 7)

an erasure decoding algorithm. At the completion of outer +P(p; # p;lb; # pi)P(D; # pj)
decoding, theK; K> decoded information bits are delivered = (1—-2p.)P(; #pj) +pr (8)
to Np. If needed, the intermediate cluster helid can also here

decode and retrieve the information within its cluster, namew oR-1

my, Ma, ..Mk, . P(p; # pj) = 9R _ 1 [1 -(1- Q)K] 9)



is the probability that the parity bit generated at a relay is If we let P»(m) be the probability of decoding failure on
incorrect due to an incorrect reception of message bits, i@.column vector after iterations, then the probability of
m; # my, for somei € {1,2,...,K}. In deriving (9), we decoding failure on a row vector after iterations is given by
assumed that the parity bit error patterns are equi-probable if

X o Ki1+Ry K+ R ) )
the message vector received at a relay is in error. Pm) = 3 < 1 1>P2(m)1(1 — Py(m)) KR
A. Two-Level Concatenation =h (16)

The probability of decoding failure at nod&, (cluster Hence, the block decoding error probability at ndig after
head) in Fig. 2 is given by m iterations is given by

Pgg(m)=1—(1— P (m))*2. (1 - Ps)*=. (17)

Kl Rl
_ K1\ Ki—i (B 5\ Ri—j
Py = Z; ' Z _ ( i )p (1-p) j P (1=p) The probability of decoding failure on a column vector after
=0 =(tiA1-0) (10) ™+ 1 iterations is then given by

wherep is given by (8) withR and K in (9) replaced byR; Kot Ra /e LR ’ 4

and K, respectively, and; is the error correction capability P>(m+1) = Z < 2 2) Pi(m) (1— Py (m)) 22—,

of (K1 + Ry, K1) code (7). Since there ar&’s such clusters, i=dsy

the probability that allK, cluster heads decode correctly is . . ) ) _ ) (1_8) )
(1— Py)Ke, Decoding iterations continue until a certain stopping criterion

At the next level, the probability of decoding failure on 45 Satisfied.
polumn vector iq Fig. 3, hence the probability of bit erasurg Three-Level Concatenation
in a row vector, is given by

K» Ry
R=3 >

1=0 j=(to+1—1)4

For a three-level concatenation co@gxCyxCs, illustrated
K5\ . rori (R2\ i @n Fi_g. 5 that corresp_o_nds to the r?etwor_k configuration shown
( . )Pz(l—P) : 1( . )p](l—P) >~7in Fig. 4, the probability of decoding failure @f; codeword
is given by

(11
wherep is given by (8) withR and K in (9) replaced byR KatRs . .
D g : Y ( ) ) ( ) p Vi 2 ) — Z KS + RS Pz(l _ Pl)K3+R371 (19)
and K, respectively, and, is the error correction capability _ 1
of (K3 + Ry, K») code (). If we let d; be the minimum i=ds

distance of( Ky + Ry, K1) code (1), then the probability of whered; is the minimum distance dfK3+R3, K3) code (Cs).
decoding failure on a row vectofs(; information bits) at node Hence, the block decoding error probability & xKoxK3
Ngp is block at nodeN is given by

Ppc=1—(1-P3)f 52 . (1 - Pg p)ks. (20)

Ki+Ry
K ) )
n= 3 (MR- peersaz) ,
The normalized throughput for three-level concatenatitp,

i=d;
is given by
because up tael; — 1 erasures can be corrected. Hence, the
block decoding error probability oi’;xK> block is given by We = K1 K3K3(1 — Pgc) @)
X K (Kl +R1)(2K2+R2)(2K3+R3)
— — — 2, _ 2
Ppp=1-(1=P)% - (1-Pa)=. 13 This process can be generalized to an arbitrary multi-level
For systems with no network codindgi( = R = 0) concatenation cod€,xCs>X ... XC,, for an arbitrary multi-hop
network.
Prp=1—(1-p)*k, 14
BB S (14) IV. NUMERICAL RESULTS ANDDISCUSSION
The normalized throughputy’z, is given by Fig. 6 shows the block decoding error probability versus
K1 Ky(1— Pg ) Ey, /Ny with two-level concatenated network coded relaying
Wp = (15) system. Parity bits are generated at the relays using binary

(K1 + Fa) (2K + Ro) BCH code to construct ai; + Ry, Ki)X(K2 + Rs, K12)
where the denominator represents the number of channel useiscatenated code at the destination. We find that the coding
per K1xK5 information bits. gain can be significantly high, providing up to 22 dB gain at

Iterative Decoding:Concatenated codes can be decoded biock error probability ofl0~2. This is because the proposed
iterative manner to further improve error performance with reoncatenated network coding can correct more errors, as the
duced decoding complexity. In iterative decoding, componeinformation travels through the network. We also find that
codes are decoded one at a time in a sequence of decodimg coding gain depends on the network topology: network
stages. The decoded information at one stage is passed tottpology of R, = 20 and R, = 5 provides additional 8.5dB
next stage for decoding the next component code. coding gain as compared to that Bf = 5 and Ry = 20.



Fig. 7 shows the normalized throughpidt versusE;, /Ny [13] S.Lin and D.J.Costello, JrError Control Coding 2nd Ed., Prentice

in two-level concatenated network coded relaying system. We_ Hall, 2004.
[14] J. ProakisDigital Communications3rd Ed., McGraw-Hill, 1995.

find _th"f‘t there exists qn optlmal network tOPOIO@yX_R2 that [15] P.J. Crepeau, “Asymptotic performance of M-ary orthogonal modulation
maximizes the normalized throughput, and the optimal number in generalized fading channeldEEE Tr. on Communicationd/olume

of relays decreases with increasing SNR. 36, Issue 11, pp.1246 - 1248, Nov. 1988.

Fig. 8 shows the block decoding error probabili®; (m)
versusEy /Ny for different number of iterations in two-level
concatenated network coded relaying system. We find that the
error performance significantly improves from 1 iteration to 2
iterations, and almost saturates after 2 iterations. There is no
improvement beyond 3 iterations.

. (K+R,K)

V. CONCLUSION

We proposed “concatenated” network coded cooperative
relaying technique that incorporates multi-level coding across o
a network of relays in multi-source, multi-hop wireless nefg'gst"}atlon’\'etwork coding in a cluster ofC sources,f relays, and one
works. A key feature of this approach is that more powerfu ut
code can be constructed, hence more errors can be corrected,
as the information travels through the network. This fram
work is inherently self scalable, in that each new node a
each additional hop contribute reliability enhancement. It ¢
provide a large diversity gain for a large set of users wi
limited number of relays and simple decoding complexity
the destination. We analyzed the probability of decoding er
and the normalized throughput, and investigated the cod
gain (energy saving) that arises from the proposed net\N<C1

coding in multi-hop wireless networks. T 2 TN T TSN 1’}57;}57};}"
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Fig. 7. Normalized throughputVp versusE,/No with various network
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Fig. 5. Three—leveI(K3 -+ R3,K3)X(K2 + Ra, KQ)X(Kl -+ Rl,K1)
concatenated code.

. 10 T - "
10 1 iteration
? == 2iterations
z il = = =3jterations
~o n o\ | 4 iterations
@ ! b
ui = D.Lu !l
o -1 \ - i
. 10 1 > - 1
f= 1
2 £ 10} : 1 1
= Q I
ie) © ! -
ks 3 it
£ a 1
S .2 5 ! !
2 107F 1 & L
w o 1-
2 Vo 5 h £ 1!
3 v SRR FEREET R,=5,R,=20 g 10°F 11 1
N y 1 K XK, =286, uncoded 8 1
o S y \ - = = =R=I0,R=15 ~ 1
X s o
] 10°F i v % K XK,=336, uncoded o 1 1
= ] m T -
o + wm = R=15R =10 !
‘—‘ “ _KixKZ:33Z6, uncoded 1 !I
B \ " | m—R.=20,R=5 " : -
- \ I EEEREE K XK, =286, uncoded 10 ! e
107 i v . [ 10 11 12 15
0 10 20 30 40 50 Eb/No[dB]

E,N, [08]
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